Shell structures generated from hanging models have structurally efficient forms. Form-control of these shells, which aims to obtain structural forms with single-and multiple target heights due to some architectural requirements, is discussed in this article. First, the vector form intrinsic finite element method is applied to generate the equilibrium form of hanging membranes and thus shell structures. Subsequently, the form-control problem is discussed, which aims to generate a structural form subject to given target height constrains. By introducing the Local Linearization Method to adjust Young's modulus of the initial structural model, a form-control strategy to generate the equilibrium structural form with a single target height is proposed. By introducing the Inverse Iteration Method to adjust the geometry of the initial model, a form-control strategy to generate the equilibrium structural form with several target heights is proposed. Moreover, to verify the effectiveness of the vector form intrinsic finite element method and form-control strategies, structural analyses and shell behavior assessment of these shells are conducted. These strategies are effective and efficient, which can help architects or engineers to determine structurally efficient geometries in the design process much more easily.
Introduction
Base on the "form follows force" principle, 1 the equilibrium form of a hanging model is self-forming and capable of transferring its self-weight solely by means of tension, and when it is turned upside down, a pure compression model arises. Likewise, the stress state occurring in a shell structure generated from hanging models is a pure compression state, which is the ideal stress state for shell structures.
In the pre-computer age, physical hanging models were used to determine structurally efficient shapes directly. The use of hanging models to generate the structural geometry can be traced back at least to the English scientist Robert Hooke (1635-1703) for his famous Latin anagram-Ut pendet continuum flexile, sic stabit contiguum rigidum inversum ("As hangs a flexible cable so, inverted, stand the touching pieces of an arch" 2 ). Since then, it has been applied by many master builders: 3 among others by Antoni Gaudi for the Colonia Guell Chapel or the Sagrada Familia Church in Barcelona, 4 by Heinz Isler ) for the Deitingen Service Station or many tennis halls, 5, 6 and by Frei Otto for the Multihalle in Mannheim. 7 However, many architectural requirements for the structural forms should be met in the design process. For example, the structural form should fit some requirements of net height, span, space, and so on. Then, some changes or modifications should be conducted to the physical models to meet these requirements, which is called "formcontrol" in this article. For instance, 8 to precisely control the shape of his models, Gaudi changed variables such as string lengths and weight distributions to modify and steer the shape according to his design intent. However, it is relatively tedious and time-consuming to make these changes to the physical models.
Since 1960s, with the development of analysis theories and computer techniques, numerical methods have become the most important means to generate structurally efficient forms for shell structures. Among these, so many numerical methods, the dynamic relaxation (DR) method, 9 the force density method, 10, 11 finite element-based methods, 12 structural optimization-based methods, 13 the vector form intrinsic finite element (VFIFE) method, [14] [15] [16] and the thrust network analysis method 17 can be used to determine the equilibrium shape for cable or membrane structures and thus for shells. To know more about these, Vizotto 18 gave a more detailed summary of various numerical methods and their applications, Veenendaal and Block 1 conducted a comprehensive technical comparison of various numerical methods, and an extensive overview of various form-finding techniques for shell structures is given in the book "Shell structures for architecture: form-finding and structural optimization" edited by Adriaenssens et al. 19 The VFIFE method is the chosen one in this research. Proposed by Ting et al. 14, 15 and Shih et al., 16 it is a relatively new and promising numerical analysis method. Since its proposal, many scholars [20] [21] [22] [23] [24] have done research using the VFIFE method for complicated behavior analysis of structures, including geometric nonlinearity, material nonlinearity, mechanism motion, dynamic responses, and buckling or wrinkles failure. Li et al. 25 have successfully applied the VFIFE method to determine structurally efficient forms of shell structures generated from three types of physical models, which are the hanging models, the tent models, and the pneumatic models.
Different from these physical processes, the numerical technique brings a much more convenient way to control the structural form. In this case, "form-control" means that in order to meet some given architectural requirements of the structural form (such as some given target points lie one the structural surface), the parameters of the initial structural model need to be adjusted by some strategies. After numerical analysis of this initial structural model with such adjustments, the required structural model can be obtained. Many scholars have conducted these form-control problems for compression-only shells to meet the given requirements. Among others, Brew and Lewis 26 dealt with approaches to constrain hanging models to a single target height. Based on the concept of thrust network approach (TNA), several works have been done by combining it with optimization techniques to find the best-fit thrust networks for a target surface with multiple height constraints. [27] [28] [29] [30] Many papers from the book "Shell structures for architecture: form-finding and structural optimization" 19 address relevant issues, which are not covered here. It can be observed that for form-control problems with fewer target points, the proposed form-control strategies can solve these problems efficiently. While for those with multiple target points, optimization algorithms are introduced which are relatively complicated.
Moreover, Wu et al. 31 proposed a much simpler strategy to solve the form-control problem. It used the bisection method to adjust Young's modulus of the initial model to generate structural forms with single target and multiple target points in the form-finding process by ANSYS. The initial model was a finite element model composed of membrane elements with isotropous material properties. However, the former work still has some shortcomings, such as it needs two initial structural models and the possibility for multiple target points is limited. Therefore, simpler and more effective form-control strategies need to be researched.
This article is organized as follows: In section "VFIFE method and shell analysis," the VFIFE method is introduced to generate the equilibrium forms of hanging models and thus to obtain structurally efficient forms for shell structures. In section "Form-control of shell structures with one target point," form-control of shell structures with single target height is discussed by introducing the Local Linearization Method to adjust Young's modulus of the initial structural model. Subsequently, in section "Form-control of shell structures with several target points," form-control of shell structures with several target heights is conducted by applying the Inverse Iteration Method to adjust the geometry of the initial structural model. Moreover, to verify the effectiveness of the VFIFE method and form-control strategies, structural analyses of these form-found shells are conducted in each part. Finally, in section "Conclusion," some conclusions and discussions are presented.
VFIFE method and shell analysis
Li et al. 25 have successfully applied the VFIFE method to determine structurally efficient forms of shell structures which are generated from three types of physical models (hanging models, tent models, and pneumatic models). In this section, the VFIFE method is introduced briefly and is applied to find the equilibrium shape of a piece of membrane under its self-weight subject to initial constrain conditions. To verify the effectiveness of the VFIFE method, structural analysis of the generated shell is conducted in this section.
The VFIFE method
Different from the traditional numerical analysis methods (finite element method as an example) which are based on continuum mechanics and variational principles, the VFIFE method is based on point value description and the vector mechanics theory. With the description of point values and path units, the VFIFE describes the structural system composed of particles whose motions are determined by Newton's Second Law. The calculation of the VFIFE method evolves into a process of solving a set of uncoupled vector form equations, and it is a step-by-step and particleby-particle cycling iteration computation. Figure 1 shows the flowchart of the VFIFE method, and it can be described with the following steps:
1. The initial structural system is modeled with a set of particles, and adjacent particles are linked with elements. To do form finding of shells generated from hanging membranes, the constant strain triangular (CST) membrane element is developed in the author's work. Masses of the particles in the vertices of triangular element are derived from the adjacent elements. 2. The residual force of each particle, which is the sum of all the internal forces acting on a particle from the elements connected to it and the applied loads, is calculated. 3. The largest residual force of all the particles is checked whether it is smaller than the allowable error which will determine the precision of the calculation. If so, it can be assumed that the equilibrium state of the structural system has been reached. Otherwise, continue with steps 4-8. 4. By calculating the motion of particles by a Störmer-Verlet integration based on Newton's Second Law, the displacement of each particle can be obtained. 5. Update the coordinates of each particle. 6. The deformation of each element is calculated by introducing a concept of reverse rigid body motion.
Calculate the internal forces of each element and return to
Step 2, entering a new calculation loop. 8. Continue the looping until the required precision is achieved, and the equilibrium state of the hanging membrane, which meets the allowable error of residual force, can be obtained.
Based on the above basic procedure of VFIFE method and several references, especially Ting et al., 32 Wang, 33 and Zhao et al., 24 the cable-link element and the CST membrane element are developed in the authors' work, 25 and the detailed equations are not covered here.
It can be observed that the VFIFE method has a similar workflow with the DR method, except for the integration method in the governing equations. The VFIFE method uses the Störmer-Verlet integration method in its governing equation, while the DR method uses the Leapfrog integration method. Both integration methods have control parameters, which are not known in advance and are very important for the analysis time. Therefore, it is difficult to compare the analysis times of the VFIFE method and the DR method. So far, in form-finding of cable or membrane structures and thus shell structures, the VFIFE method has shown few advantages over the DR method.
Form-finding of a piece of hanging membrane
A numerical example is shown here to verify the effectiveness of the VFIFE method. The equilibrium form of a piece of hanging membrane is generated by the VFIFE method in this example, and the form-finding result shown here is its inverted structural form. Figure 2 shows the initial conditions of Example 1. The initial shape of this example is a hexagon in the XY In the VFIFE method, the mass of the structure is distributed to the particles; in this example, the density of the membrane is 1872.5 kg/m 3 . Since the constitutive parameters can be set arbitrarily in formfinding problems, it is used in the similar way in this example.
With the above initial conditions, it uses the VFIFE method to generate the equilibrium form of this piece of membrane under its self-weight without any other external loads. In the calculation process, the step length h is set to 5.0E−03, the damping-mass factor ξ is set to 15.0, and the allowable error of the residual force is set to 0.001 N. After the calculation with 2211 steps, it gets the equilibrium shape of the hanging membrane which meets the allowable error of the residual force in each particle, and Figure 3 shows the inverted shape and its coordinate system. As a characteristic parameter of the equilibrium structural form, the height h of the central point M is 2.48 m.
Structural analysis of the form-found shell
To verify the form-found shell has a good shell behavior and thus to validate the effectiveness of the VFIFE method, structural static analysis of this form-found shell under the same load distribution as the equilibrium hanging membrane is conducted using the ANSYS software. The version R17.1 of ANSYS is used in this article. This finite element model is established using element type of SHELL63. The material of this shell is concrete, whose Young's modulus is 2.10E4 MPa, Poisson's ratio is 0.20, and density is 2500 kg/m 3 . A uniform thickness of this shell is set to 0.04 m. The acceleration of gravity is 9.80 m/s 2 . The shell is simply supported at six short lines AA′, BB′, CC′, DD′, EE′, and FF′ of each corner.
After analysis, the ratio of the difference between bending strain energy and normal strain energy to the total strain energy is considered here. It should be mentioned that strain energy combines forces and deformations in all directions, resulting in a single display of analysis results to assess a shell structure. The strain-energy ratio can be calculated as follows. For a shell element, the membrane strain energy is calculated as follows 
The bending strain energy is calculated as follows The strain-energy ratio α can be defined as follows
when 0 < α < 100%, it means membrane action is dominant in this shell element, and when -100% < α < 0, bending action is dominant. By a secondary development of the analysis results from ANSYS, the strain-energy ratio of this form-found shell under the same load distribution as the equilibrium hanging membrane is computed and displayed in Figure 4 . It can be observed clearly that the strain-energy ratio is larger than 90% in all parts of the shell. It can be concluded that this shell structure performs with an optimal shell behavior. Thus, it can verify that the VFIFE method is effective to determine structurally efficient forms of shells generated from hanging models.
Form-control of shell structures with one target point
For a piece of isotropous membrane with defined geometry and boundary conditions, during its numerical generation of the equilibrium hanging model under its self-weights, magnitudes of the density or that of Young's modulus of the hanging material will influence the final equilibrium structural form significantly. The influence of Young's modulus of the hanging material is considered in this research.
Using the VFIFE method, equilibrium structural forms of hanging membrane in Example 1 is generated many times but with different Young's modulus of the initial model. The characteristic curve of the height h of point M to Young's modulus E is shown in Figure 5 . It can be observed clearly that the height h of point M is a function of Young's modulus E of the membrane, which can be expressed as equation (3) . From Figure 5 , it can be observed clearly that this function is nonlinear and monotonically decreasing
The research problem in this section generates the structural form with one target height. From the above introduction, a form-control strategy to adjust Young's modulus of the hanging material can be searched. However, as mentioned, the relation between the equilibrium structural form and Young's modulus of the hanging material is nonlinear. In this article, the Local Linearization Method is introduced to solve this problem.
Form-control strategy based on the Local Linearization Method
The Local Linearization Method is a numerical method which can transfer the nonlinear problem into a linear problem in the iteration process. It uses the local linear characteristic of the function (equation (3)) to approach the target point which is faster and just needs one initial value compared with the bisection method. In order to obtain the specific structural form with a given height h* of point M, which actually means to find the specific related Young's modulus, it can solve the problem by the following steps.
1. With an initial Young's modulus E 1 , after numerical analysis by the VFIFE method, the height of the point M is h 1 = f(E 1 ). 2. Using Young's modulus (E 1 + ∆E) with a small difference to the initial one, after numerical analysis by the VFIFE method, the height of the point M is
Using equation (4), a new Young's modulus is obtained
where
+ − should represent the linear characteristic of the function h = f(E) in the point (E 1 , f(E 1 )), which is the reciprocal value of the slope in the point of function curve; therefore, ∆E should select a relatively smaller value. 4 . With the newly obtained Young's modulus E 2 , after numerical analysis by the VFIFE method, the height of the point M is h = f(E 2 ). 5. The difference between f(E 2 ) and the target value h* is calculated, and when it is smaller than the allowable error ε, the target structural form is obtained, otherwise the following step is conducted. 6. Using the iterative equation (5) to update Young's modulus, numerical analysis by the VFIFE method is conducted in each step until the allowable error ε is fitted
With several steps' iteration, the equilibrium structural form with one target height can be generated.
Numerical example
In order to verify the effectiveness and the efficiency of this form-control strategy, a numerical example is shown in this section. Form-control of a piece of hanging membrane with one target height and structural analysis of the form-found shell structure are conducted in this example. Figure 2 and the above introduction in section "The VFIFE method," Example 2 has same initial conditions with Example 1. Additionally, the target height of the central point M of 3.0 m is required in this example. By directly using the form-control procedure described in section "Form-control strategy based on the Local Linearization Method," the Local Linearization Method is applied to adjust Young's modulus of the membrane of the initial model. In this example, the allowable error for the target height is 0.001 m, and ∆E is set to 1000 N/m 2 . With an iteration of four steps, the required structural form with the target height of point M is obtained. Figure 6 shows how Young's modulus E of the membrane and the height h of point M vary in the iterative process. The final required structural form is shown in Figure 7 . It can be observed clearly that the Local Linearization Method is effective and efficient in the form-control process of the equilibrium structural form with one single target height.
Also shown in
Structural static analysis of this form-controlled shell under the same load distribution as the equilibrium hanging membrane is also conducted here. All the parameters are same with Example 1, such as the thickness, the boundary conditions, and the material properties. After analysis, the strain-energy ratio of this form-found shell under the same load distribution as the equilibrium hanging membrane is computed and displayed in Figure 8 . It can be observed clearly that the strain-energy ratio is larger than 84% in all parts of the shell. It can be concluded that this shell structure performs with an optimal shell behavior. It can illustrate that the VFIFE method keeps an effectiveness of generating structurally efficient form of shells with a larger deformation, and thus, the form-control strategy is effective. Compared with the form-control process using the bisection method, this strategy is more convenient; for example, this method just needs one initial Young's modulus.
Form-control of shell structures with several target points
For most design problems, only one target height is not enough, and much more target heights are needed due to architectural requirements in the design process. With these requirements, a structural geometry can be established using many geometric modeling methods, such as polylines, folds, or non-uniform rational basis spline (NURBS) technique. Using this geometry as the initial structural model, a corresponding equilibrium hanging structural form can be generated using the VFIFE method. Considering that it can compute the equilibrium structural form from any unbalanced state, a form-control strategy which aims to find a specific initial structural model could be searched. After numerical analysis of this specific initial structural model, the equilibrium structural form can meet the given target heights. In this article, the Inverse Iteration Method is introduced to adjust the geometry of the initial structural model. 
Form-control strategy based on the Inverse Iteration Method
The Inverse Iteration Method determines the required equilibrium structural form by iteratively adjusting the geometric parameters of the initial structural model. Example 3 is shown here to illustrate that how it works. Shown in Figure 9 , the problem is to generate the equilibrium shape of a piece of cable under its self-weight, whose support points are A (0.00, 0.00) and B (1.00, 0.00), and the target point is point C (0.50, 0.35). Shown in Table 1 , it gives the first two steps of the adjusting process. The basic procedure of form-control process based on the Inverse Iteration Method is introduced as follows.
First, establish the initial structural model along line
AC and line BC with five elements in either of them. The length of each element is the distance between the two nodes of it, which will change a little by setting a relatively large Young's modulus during the numerical analysis by the VFIFE method. After that, the equilibrium structural form which has an error of (∆ 1 ) with the target point can be obtained. 2. Second, establish the point C 1 which is generated from point C with a displacement of (−∆ 1 ) and then establish the initial structural model along line AC 1 and line BC 1 with same sets of Step 1. After numerical analysis by the VFIFE method, it can get the equilibrium structural form which has an error of (∆ 2 ) with the target point, which is much smaller than (∆ 1 ). 3. In the following steps, it also updates the initial structural model as Step 2 if the new equilibrium position is under the target height and upward adjustment of the initial position of point C i is implemented and vice versa.
After just four steps, it can generate the structural form across the target point within the allowable error. It can be observed that the Inverse Iteration Method is efficient in the form-control process of the equilibrium hanging cable with a single target height. It should also be mentioned that different modeling method such as a quadratic NURBS curve can be used as the initial structural model instead of just using two straight lines. While as the quadratic NURBS curve is close to a catenary, the adjustment process is not as apparent as that using two straight lines.
Numerical example
With additional four target heights of Example 2, Example 4 is shown in this part to verify the effectiveness and efficiency of the Inverse Iteration Method to solve form-control problems with several target heights. This example aims to generate a "hanging" shell structural model with five target heights. Using seven points with required target heights and six support lines, the initial structural model can be established in Rhino-Grasshopper based on NURBS technique. The modeling process of the initial structural model is shown in Figure 11 , which contains three steps: modeling of the seven points and six support lines, modeling of six interpolated boundary curves and three interpolated curves using the "IntCrv" command, and modeling of the geometry of the initial structural model using the "Patch" command. Based on NURBS technique, the "IntCrv" command is used to create an interpolated curve through a set of points and the "Patch" command is used to create a patch surface through a set of points or curves. Isotropous material properties are used when establishing the initial structural model in this example. Young's modulus of the membrane is 5.0E06 N/m 2 which is 10 times of that in Example 1, which results in relatively smaller elastic deformation during the 
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Initial structural model Equilibrium structural form
Step 1
Step 2
Figure 10. Initial conditions of Example 4.
numerical analysis by the VFIFE method in this case. Apart from this, other parameters of the membrane and the VFIFE method are same with Example 1.
Using the Inverse Iteration Method described above, form-control of the equilibrium hanging structural form with an allowable error of 0.001 m is conducted. Shown in Tables 2 and 3 , the structural form with five target heights can be obtained by only four steps of adjustments. It can be observed that the Inverse Iteration Method is effective and efficient to solve this kind of form-control problem with multiple target heights. It should be mentioned that the adjustment in the first two steps are much more obvious than the following steps, which illustrates that the initial model established by the modeling method above is relatively close to a hanging equilibrium shape. However, it should be noticed that wrinkles occur near the supports after form-finding. To solve this problem, a secondary adjustment of the final equilibrium structural form should be processed.
To observe the wrinkles in the structural form more clearly, a finer mesh of the initial structural model in Step 4 is used. With this mesh, the equilibrium structural form can be obtained, which can also meet these architectural requirements after form-finding, as shown in Figure 12 . It can be seen that the wrinkles in the structural form are much more apparent. Using the "Patch" command in Rhino-Grasshopper, the wrinkles of the structural form can be eliminated, as shown in Figure 13 .
Structural static analysis of this form-controlled shell structure under the same load distribution as the equilibrium hanging membrane is also conducted here. In this example, the thickness, the boundary conditions, and the material properties are same with Example 1. Because there are some modeling errors when establishing the initial model of this structure, the form-found shell is not a perfectly symmetric one. After analysis, the strain-energy ratio of this form-found shell under the same load distribution as the equilibrium hanging membrane is computed and displayed in Figure 14 . Due to the modeling errors in the initial structural form and during the smooth process of the equilibrium structural form, bending moments occur in small parts near the boundaries (blue parts near the boundaries), while central part of the form-controlled shell performs with an optimal shell behavior.
Moreover, different modeling methods can also be applied to establish the geometry of the initial structural model in the form-control process. To illustrate this problem, a fold model is used in this example to conduct a same form-control process. The fold model is established using the seven adjusting points and the six support lines. Figure 15 shows the fold model as the initial structural model in the last step and its relevant equilibrium structural form. However, it can be observed that the central point M is a cuspidal point in the equilibrium shape when the fold is used as the initial model. It can be observed clearly that different modeling methods for the initial model can bring different equilibrium structural forms.
Conclusion
The VFIFE method is applied to generate the equilibrium form of hanging models and thus shell structures, and form-control problems of the equilibrium structural form with single target height and several target heights are discussed in this article. The main works are as follows: Steps Initial structural model Equilibrium structural form
Step 3
Step 4 1. The equilibrium structural form of the hanging membrane under its self-weight is generated by the VFIFE method, and thus, the structurally efficient form of shell structures is generated.
2. By introducing the Local Linearization Method, a form-control strategy to generate the equilibrium structural form with a single target height is proposed. The principle of this strategy is using the Local Linearization Method to select the specific Young's modulus of the initial structural model, and after form-finding of this initial structural model, the equilibrium structural form can meet the required single target height. Compared with the form-control process using the bisection method, this strategy is more convenient, for example, this method just needs one initial Young's modulus. 3. By introducing the Inverse Iteration Method, a form-control strategy to generate the equilibrium structural form with multiple target heights is proposed. The principle of this strategy is using the Inverse Iteration Method to select the specific geometry of the initial structural model, and after Form-Finding of this initial structural model, the equilibrium structural form can meet the required target heights. Compared with complicated optimization algorithms to obtain the best-fit thrust networks for a target surface, this strategy is much easier and just needs fewer iterations to meet the requirements. Moreover, in this form-control process, different modeling methods for the initial model can bring different equilibrium structural forms. 4. Moreover, structural analysis and shell behavior assessment of the form-found shells are conducted in each part. To assess the behavior of the shell structure, the strain-energy ratio of the difference between bending strain energy and normal strain energy to the total strain energy is used in this article.
In conclusion, form-control strategies for equilibrium structural form with a single target height and multiple target heights are proposed. These strategies can help architects or engineers to determine the structurally efficient geometry in the design process much more easily.
